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The Composite Particle-Hole Spinor of the Lowest Landau Level
Jian Yang, ∗
We propose to form a two-component effective field theory from L = 1
2
(Lce + Lch), where Lce
is the Lagrangian of composite electrons with a Chern-Simons term, and Lch is the particle-hole
conjugate of Lce - the Lagrangian of composite holes. It is shown L = ψ
†(i∂0−a0)ψ−
1
2m∗
ψ†[σi(i∂i−
ai)]
2ψ + 1
4pi
ǫµνλAµ∂νaλ +
1
8pi
ǫµνλAµ∂νAλ, where the two-component fermion field ψ is a composite
particle-hole spinor coupled to an emergent effective gauge field aµ in the presence of a background
electromagnetic field Aµ. In the theory, the Chern-Simons terms for both the composite electrons
and composite holes are exactly cancelled out, and a 1
2
pseudospin degree of freedom, which responses
to the emergent gauge field the same way as the real spin to the electromagnetic field, emerges
automatically. Furthermore, the composite particle-hole spinor theory has exactly the same form
as the non-relativistic limit of the massless Dirac composite fermion theory after expanded to the
four-component form and with a mass term added.
PACS numbers: 73.43.Cd, 71.10.Pm
I. INTRODUCTION
One of the most remarkable proposals in the study
of the fractional quantum Hall effect was formulated by
Halperin, Lee, and Read some twenty year ago[1], where
the two-dimensional electrons in a strong magnetic field
at exact half filling of the lowest Landau level behave
like a compressible Fermi liquid at zero magnetic field.
According to the theory which will be referred to as the
HLR theory in this paper, the composite electrons are
formed by attaching two flux quanta to each of the orig-
inal electrons. In the mean field approximation, the at-
tached flux cancels the external magnetic field exactly
at half filling, resulting in a Fermi liquid description of
the composite fermions. It is generally believed that the
HLR theory lacks particle-hole (PH) symmetry[2], even
though the two-body interaction Hamiltonian of the orig-
inal electrons when projected onto the lowest Landau
level is invariant by an antiunitary PH transformation
at half-filled Landau level. This means the PH symme-
try is spontaneously broken, the HLR theory describes
only the low-energy excitations around one of the two
ground states and a distinct PH conjugate state of the
composite electron state exists. This leads to the pro-
posal of a PH conjugate theory by Barkeshli, Mulligan,
and Fisher[3], which is referred as BMF theory in this
paper, by forming composite holes with two units of flux
quanta attached to each of the holes of the filled Landau
level instead of the electrons. It is argued that the BMF
theory describes a distinct state of matter as compared
to the HLR theory[3].
On the other hand, the finite size numerical results
seem to confirm the PH symmetry of the ground state
at the half-filled Landau level[4][5], and a PH symmetric
Dirac composite fermion theory is proposed by Son[6][7].
In this theory, a massless Dirac composite fermion is
characterized by a Berry phase of π around the Fermi
circle, and is interpreted as a type of fermionic vortex,
arising from a fermionic particle-vortex duality. A key
feature of particle-vortex duality is that it switches the
roles of particle number and magnetic field, and therefore
the Dirac composite fermion density is set by the external
magnetic field, which is different from the density of the
original electrons when away from the half-filling. Very
recently, a similar but different Dirac composite fermion
effective field theory is proposed by the author[8], where
the two-component Dirac composite fermion field is a
particle-hole spinor coupled to the same emergent gauge
field, with one field component describing the compos-
ite electrons and the other describing the PH conjugated
composite holes. As such, the density of the Dirac spinor
field is the density sum of the composite electron and
hole field components, and therefore is equal to the de-
generacy of the Lowest Landau level. On the other hand,
the charge density coupled to the external magnetic field
is the density difference between the composite electron
and hole field components, and is therefore neutral at ex-
actly half-filling. The two Dirac composite theories are
argued to give essentially the same electromagnetic re-
sponse, although their exact relationship remains to be
determined.
Furthermore, the Dirac composite fermion theories
have not been shown to be derived microscopically from
the original electron Hamiltonian. In contrast, both HLR
theory and BMF theory are considered to be a math-
ematical transformation from the original microscopic
Hamiltonian with flux attachment encoded in the Chern-
Simons term.
We start from the HLR’s Chern-Simons Lagrangian of
composite electrons formed by attaching two flux quanta
to each of the electrons [1]
Lce = ψ†ce(i∂0 +A0 + c0 + µce)ψce
− 1
2m∗
ψ†ce(i∂i +Ai + ci)
2ψce +
1
8pi
ǫµνλcµ∂νcλ
(1)
where ψce is the composite electron field, Aµ is the exter-
nal electromagnetic field, cµ is the Chern-Simons gauge
field with the Chern-Simons term 1
8pi
ǫµνλcµ∂νcλ, µce is
the chemical potential, and m∗ is the effective mass of
2the composite electron.
On the other hand, the BMF’s Chern-Simons La-
grangian of composite holes, formed by attaching two
flux quanta to each of the holes of the filled Landau level
of the electrons, is [3]
Lch = ψ†ch(i∂0 −A0 + d0 + µch)ψch
− 1
2m∗
ψ
†
ch(i∂i −Ai + di)2ψch − 18pi ǫµνλdµ∂νdλ
+ 1
4pi
ǫµνλAµ∂νAλ
(2)
where ψch is the composite hole field, Aµ is the same
external electromagnetic field, dµ is the Chern-Simons
gauge field with the Chern-Simons term − 1
8pi
ǫµνλdµ∂νdλ,
µch is the chemical potential, andm
∗ is the effective mass
of the composite hole which is assumed to be the same
as the composite electron.
Comparing Eq. (2) with Eq. (1), we notice a few
differences. The first difference is the opposite signs in
the external electromagnetic field A term coupled to the
matter field, which reflects the opposite charges of the
composite electron and the composite hole. The second
difference is the opposite sign of the Chern-Simons term,
which is required as the attached flux quanta are such
that they are opposite to the effect of the external mag-
netic field seen by the composite electrons and composite
holes. The third difference is the Chern-Simons term of
the background electromagnetic field 1
4pi
ǫµνλAµ∂νAλ ap-
peared in Eq. (2). This term is necessary to ensure the
electromagnetic response of Lch in Eq. (2) for the vac-
uum state of the composite holes gives a correct result of
a filled Landau level of the electrons.
II. COMPOSITE PARTICLE-HOLE SPINOR
EFFECTIVE FIELD THEORY
We now make a variable replacement
cµ +Aµ = −c′µ (3)
to rewrite the Lagrangian Lce in an equivalent form
Lce = ψ†ce(i∂0 − c′0 + µce)ψce − 12m∗ψ†ce(i∂i − c′i)2ψce
+ 1
8pi
ǫµνλc′µ∂νc
′
λ +
1
8pi
ǫµνλAµ∂νAλ +
1
4pi
ǫµνλAµ∂νc
′
λ
(4)
Similarly, by making a variable replacement
dµ −Aµ = −d′µ (5)
the Lagrangian Lch becomes
Lch = ψ†ch(i∂0 − d′0 + µch)ψch − 12m∗ψ†ch(i∂i − d′i)2ψch
− 1
8pi
ǫµνλd′µ∂νd
′
λ +
1
8pi
ǫµνλAµ∂νAλ +
1
4pi
ǫµνλAµ∂νd
′
λ
(6)
From the equation of motion for c′0 using Lce, we have
ψ†ceψce =
B
4π
− bce
4π
(7)
where B = ǫij∂iAj , bce = ǫij∂ic
′
j , and ǫij is the anti-
symmetric unit tensor. Similarly from the equation of
motion for d′0 using Lch, we have
ψ
†
chψch =
B
4π
+
bch
4π
(8)
where bch = ǫij∂id
′
j . Since ψce and ψch are the PH con-
jugate fields, they must satisfy the following equation
ψ
†
chψch + ψ
†
ceψce =
B
2π
(9)
This requires
bch = bce = b (10)
or more generally
c′µ = d
′
µ = aµ (11)
where b = ǫij∂iaj .
From Eq. (7) and Eq. (8), using Eq. (10), we have
ψ
†
chψch − ψ†ceψce =
b
2π
(12)
This means that the composite hole density is always
larger (or smaller) than the composite electron density
by the amount of |b|
2pi
when b > 0 (b < 0). Since |b|
2pi
is the
Landau level degeneracy of b magnetic field, this means
that the composite holes always occupy one more (one
less) Landau level than the composite electrons when
b > 0 (b < 0). This is only possible when the chemical po-
tential of the composite electrons µce is larger (smaller)
than the chemical potential of the composite holes by
exactly one Landau level gap |b|
m∗
when b > 0 (b < 0).
Without a loss of generality, this means we can write
µce = µ+ µb
µch = µ− µb
µb =
b
2m∗
(13)
where the chemical potential µb is in general position de-
pendent as the emergent gauge field is in general position
dependent.
Since Lce and Lch given by Eq. (4) and Eq. (6) are
PH conjugate with each other under condition Eq. (11)
and Eq. (13), we propose the following PH symmetric
effective field theory
L = 1
2
(Lce + Lch) (14)
which is
L = ψ†(i∂0 − a0)ψ − 12m∗ψ†(i∂i − ai)2ψ + b2m∗ψ†σ3ψ
+ 1
4pi
ǫµνλAµ∂νaλ +
1
8pi
ǫµνλAµ∂νAλ
(15)
where
ψ =
1√
2
(
ψch
ψce
)
(16)
3σi are the Pauli matrices. Notice the Chern-Simon terms
in Eq. (4) and Eq. (6) are cancelled out exactly, and the
Stern–Gerlach term b
2m∗
ψ†σ3ψ is appeared. For simplic-
ity, we have dropped out the common chemical potential
µ in Eq. (15). One can rewrite Eq. (15) into a more
compact form
L = ψ†(i∂0 − a0)ψ − 12m∗ψ†[σi(i∂i − ai)]2ψ
+ 1
4pi
ǫµνλAµ∂νaλ +
1
8pi
ǫµνλAµ∂νAλ
(17)
As is clearly seen, a 1
2
pseudospin degree of freedom,
which response to the emergent gauge field the same way
as the real spin to the electromagnetic field, emerges au-
tomatically from the theory.
The equation of motion for a0 will give the density
operator of the particle-hole spinor
ρ = ψ†ψ =
B
4π
(18)
On the other hand, by differentiating the action with
respect to A0, we obtain the electron density
ρe =
B
4π
− b
4π
(19)
Similar to the charge density equations Eq. (18) and Eq.
(19), one can obtain the current density equations from
the equation of motion for ai
ji =
1
4π
ǫijEj (20)
By differentiating the action with respect to Ai, we ob-
tain
jei =
1
4π
ǫij(Ej − ej) (21)
where j and je represent the current densities of compos-
ite particle-hole spinor field and the electron field respec-
tively, ej = −∂ija0 and Ej = −∂ijA0 are the emergent
and external electric fields respectively.
It is noticed, by replacing (ρ, j) with the corresponding
relativistic density-current vector, Eq. (18), Eq. (19),
Eq. (20), and Eq. (21) remain valid from the following
Dirac composite fermion theory proposed by Son[6][7]
Ld = iψ¯dγµ(∂µ+iaµ)ψd+ 1
4π
ǫµνλAµ∂νaλ+
1
8π
ǫµνλAµ∂νAλ
(22)
In fact, if we make L in Eq. (17) linear in ∂i by dropping
out 1
2m∗
σi(i∂i−ai) from the second term, the Lagrangian
L becomes
L → ψ†(i∂0 − a0)ψ − ψ†σi(i∂i − ai)ψ
+ 1
4pi
ǫµνλAµ∂νaλ +
1
8pi
ǫµνλAµ∂νAλ
(23)
which is identical to Ld in Eq. (22). On the other hand, if
we expand the massless Dirac composite fermion theory
Ld to a four component form and add a mass term to it,
one can show its non-relativistic limit takes exactly the
same form as the composite particle-hole spinor theory
L in Eq. (17).
III. ALTERNATIVE COMPOSITE
PARTICLE-HOLE SPINOR EFFECTIVE FIELD
THEORY
As was pointed out previously, compared to Eq.
(1), there is a background electromagnetic term
1
4pi
ǫµνλAµ∂νAλ in Eq. (2). This term is necessary to
ensure the electromagnetic response of Lch in Eq. (2) for
the vacuum state of the composite holes gives a correct
result of a filled Landau level of the electrons. Without
this background term, the LagrangianLch would describe
the composite holes whose electromagnetic response will
differ by that of a filled Landau level of electrons. If we
remove this term from Eq. (2), and add it to Eq. (1) to
form the following Lagrangian
L′ = Lce + Lch − 1
4π
ǫµνλAµ∂νAλ (24)
which is related to L in Eq. (17) by
L′ = 2L− 1
4π
ǫµνλAµ∂νAλ (25)
or
L′ = φ†(i∂0 − a0)φ− 12m∗φ†[σi(i∂i − ai)]2φ
+ 1
2pi
ǫµνλAµ∂νaλ
(26)
where
φ =
(
ψch
ψce
)
(27)
The equation of motion for a0 gives the field density
operator
ρ′ = φ†φ = ψ†chψch + ψ
†
ceψce =
B
2π
(28)
On the other hand, by differentiating the action with
respect to A0, and equating the result to ψ
†
chψch−ψ†ceψce
since ψch and ψce have opposite electromagnetic charges,
we can obtain
ψ
†
chψch − ψ†ceψce =
b
2π
(29)
which is exactly the same as Eq. (12). From Eq. (28)
and Eq. (29), we can obtain the electron density operator
ρe = ψ†ceψce =
B
4π
− b
4π
(30)
which is the same as Eq. (19).
One can obtain the current density equation j′ from
the equation of motion for ai
j′i = j
ce
i + j
ch
i =
1
2π
ǫijEj (31)
By differentiating the action with respect to Ai, and
equating the result to jchi − jcei since ψch and ψce have
opposite electromagnetic charges, we can obtain
jchi − jcei =
1
2π
ǫijej (32)
4Combining Eq. (31) and Eq. (32), we obtain the electron
current operator
jei =
1
4π
ǫij(Ej − ej) (33)
which is exactly the same as Eq. (21). In fact, the set
of equations Eq. (28), Eq. (30), Eq. (31), and Eq. (33)
is identical to the set of equations of Eq. (18), Eq. (19),
Eq. (20), and Eq. (21), if we let ρ′ = 2ρ and j′ = 2j.
Therefore, we conclude L′ in Eq. (26) is equivalent to L
in Eq. (17).
As before, one can obtain the relativistic version of L′
by dropping out 1
2m∗
σi(i∂i− ai) from the second term in
Eq. (26)
L′ → φ†(i∂0 − a0)φ− φ†σi(i∂i − ai)φ
+ 1
2pi
ǫµνλAµ∂νaλ
(34)
which is identical to the following Lagrangian which is
written in a covariant form
L′d = iφ¯γµ(∂µ + iaµ)φ + 1
2π
ǫµνλAµ∂νaλ (35)
which was first proposed in reference [8]. Since L′ in Eq.
(26) is equivalent to L in Eq. (17), we conclude their
relativistic versions in Eq. (22) and Eq. (34) are also
equivalent.
IV. CONCLUSION
We proposed a two-component non-relativistic effec-
tive field theory from L = 1
2
(Lce+Lch), where Lce is the
Lagrangian of composite electrons with a Chern-Simons
term, and Lch is the particle-hole conjugate of Lce - the
Lagrangian of composite holes. We also proposed an
alternative non-relativistic effective field theory. Since
both non-relativistic effective field theories are equiva-
lent, we conclude their relativistic versions proposed by
Son[6][7] and by the author[8] are also equivalent.
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